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Abstract

This study presents a semi-analytical solution
method to analyze the geometrically nonlinear response
of bonded composite single-lap joints with tapered
adherend edges under uniaxial tension. The solution
method provides the transverse shear and normal
stresses in the adhesive and in-plane stress resultants
and bending moments in the adherends. The method
utilizes the principle of virtual work in conjunction with
von Karman’s nonlinear plate theory to model the
adherends and the shear lag model to represent the
kinematics of the thin adhesive layer between the
adherends. Furthermore, the method accounts for the
bilinear elastic material behavior of the adhesive while
maintaining a linear stress-strain relationship in the
adherends. In order to account for the stiffness changes
due to thickness variation of the adherends along the
tapered edges, their in-plane and bending stiffness
matrices are varied as a function of thickness along the
tapered region. The combination of these complexities
results in a system of nonlinear governing equilibrium
equations. This approach represents a computationally
efficient alternative to finite element method.
Comparisons are made with corresponding results
obtained from finite-element analysis. The results
confirm the validity of the solution method. The
numerical results present the effects of taper angle,
adherend overlap length, and the bilinear adhesive
material on the stress fields in the adherends, as well as
the adhesive, of a single-lap joint.
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Nomenclature
AP = area of adherends and adhesive
re = boundary of adherends and adhesive
re = m"™ boundary segment
n” = unit normal to the m™ boundary segment

Pag = reference planes

K = half thickness of adhesive and adherends
cw = coordinates on reference planes

1 = ply thickness

6" = ply orientation

EP EW GP vé’}) = ply material properties

o), = coefficients of reduced ply stiffness

matrix
AP D” B”= in-plane, bending, and coupled
stiffness matrices

Ey = effective adhesive Young’s modulus

Gy = effective adhesive shear modulus

p@ = adhesive Poisson’s ratio

), 7y = effective transverse shear stress and shear
strains

K = degree of the B-spline functions

t = pre-selected knot points of B-spline

functions
T, (x;t”,K), T, (y;t'”, K) =B-spline functions

x y

M = extent of of B-spline functions

e = unknown coefficients in  B-spline
functions

cl” = unknown vector of coefficients, c'”)

t., t,, t. = external in-plane tractions

m, , m, = external bending moments

N M” = in-plane stress resultants and bending

moments
U, UP, UP =global displacements

ﬁﬁj’) = prescribed displacements and slopes
q” = unknowns in governing equations
@[(ZZ) = strain components

el = total strain vector

K.(p)

xx 2

K(p) K(p)

s K, = bending strain (curvature) resultants
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gl , &,y = in-plane strain resultants

e, k'"” = in-plane strain resultant and curvature
vectors

c'¥, & = adhesive normal stress and strain

o, o' = adhesive transverse shear stresses

7\, &@ = adhesive transverse shear and normal
strains

g = transverse shear and normal strains in
adhesive

AP A'” = Lagrange multiplier functions

A(,f ) = matrix of Lagrange multiplier functions

oW,, W, = virtual work of internal and external
forces

ow' = internal virtual work of adherends and
adhesive

Sw® = virtual work of boundary reaction forces

V. = potential energy of the constraint forces

Introduction

The reduction of the transverse shear and normal
stress concentrations along the edges of adhesive
bondlines is important in order to prevent premature
failure of the bonded joint. The determination of the
complete stress and strain fields in composite bonded
single-lap joints presents difficulties arising from the
step-wise geometry, material property variations,
laminated construction of the adherends, the bilinear
material behavior of the adhesive, as well as the effect
of tension induced stiffening (geometrically nonlinear
effect) on the bending deformation of the adherends
subjected to uniaxial tension. Also, the local stress
variations near the ends of the overlap region are
characterized by very high gradients or even
analytically predicted singularities. The sharp gradients
of the stress components depend on the elastic
properties of the adherends and adhesive as well as the
joint geometry. These peak transverse normal and
shear stresses in the adhesive can be reduced by
tapering the adherends toward the ends.

In order to facilitate the use of lap joints in present
and future structures, the analysis of the geometrically
nonlinear response of bonded single-lap joints has
received considerable attention over the past two
decades. Previous analyses of bonded lap joints can be
categorized as “shear-lag” and “finite-element” models.
An extensive review and in-depth discussion of the pre-
vious investigations can be found in articles by Tsai and
Morton,'  Ding and Kumosa,® and Osnes and
Andersen.’ Due to the aforementioned complexities, the
majority of the investigations have utilized the finite
element method in determining the stress and the strain
field in a bonded lap joint. However, in many of these
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investigations, the three-dimensional description of the
bonded lap joint was simplified to a two-dimensional
analysis under certain assumptions.*’

In order to enhance computational -efficiency,
Penado® introduced an approach based on the sub-
structuring technique. In this approach, the general
response of the bonded lap joint is obtained analytically
from the solution of force-moment equilibrium
conditions. The analytically evaluated force-moment
values at the overlap ends are then used as the natural
boundary condition for a highly detailed two-
dimensional finite element analysis of the overlap joint
under the assumption that the overlap ends are simply
supported.

Combining the shear-lag model of Goland and
Reissner’ with a detailed finite element modeling of the
adherends with three-dimensional elements, Edlund and
Klarbring'® employed the principle of virtual work to
analyze the geometrically nonlinear response of bonded
single-lap joints with a linearly elastic adhesive. The
shear-lag model approximates the transverse shear and
normal strain components in terms of the relative
displacements of the adherends. An alternative to the
shear-lag model is to model the adhesive with one or
two layers of brick elements and assemble these
elements with the brick elements of the adherends.
However, as mentioned before, the size of the brick
elements used in the adhesive might introduce aspect
ratio problems. The recent investigations by Pandey
and Narasimhan'' and Narasimhan and Pandey'
utilized this approach for solving the three-dimensional
large deflection analysis of single-lap joints with
viscoelastic adhesive behavior.

In the finite element analysis, the adhesive requires a

highly refined mesh in order to keep the proper aspect
ratio between the elements in the adherends and
adhesive. Therefore, the major advantage of the two-
dimensional finite element models over the three-
dimensional models is the significant reduction of the
number of degrees of freedom.
Furthermore, for an incremental-iterative solution of the
governing equations in which the global stiffness
matrix is repeatedly calculated, the three-dimensional
finite element analysis of the entire domain becomes
computationally demanding.

Thus, it is beneficial to have an efficient special-
purpose analysis method that can be used to conduct
extensive parametric studies in a timely manner and at
relatively low computational costs. However, there is
no analytical or semi-analytical approach for
determining the three-dimensional response of the
geometrically nonlinear analysis of bonded single-lap
joints. Therefore, the goal of the present study is to
develop a three-dimensional analysis method that is
well suited for parametric studies that accurately
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predicts the geometrically nonlinear behavior of a
bonded single-lap, tapered, composite joint subjected to
uniaxial tension. In particular, this study focuses on the
effects of geometric nonlinearity, tapering of the
adherend thickness, changes in the overlap length of the
adherends, and the linear and bilinear elastic behaviors
of the adhesive on the in-plane stresses in the adherends
and the transverse normal and transverse shear stresses
in the adhesive of the joint.

In the remainder of this paper, details of the analysis
method are presented and results from this approach are
discussed.  First, the boundary-value problem is
defined. Next, the analysis details and numerical
solution procedure are described. Then, results for two
bonded lap-joint configurations are presented.

Problem Statement

The bonded single-lap joint configuration consists of
two rectangular composite adherends bonded through a
thin layer of adhesive, as shown in Fig. 1. While the
adhesive has a uniform thickness, the composite
adherends have tapered edges. The tapered edges of the
adherends are used to reduce stress concentrations
along theedges. Both the geometry and kinematics of
the adherends and adhesive are described by utilizing
the global coordinate system (x, y, z), as shown in Fig.

¥ A®

Upper adherent

Y

Lower adherent

A(")

A(f) (2! ef)

4

\

3 @
Adhesive

VK(Z)V Lo

Fig. 1 Description of geometry, fiber angle, and
loading of a bonded single-lap joint subjected to
uniaxial loading.

The lower and upper adherends are identified by the
super scripts u and ¢, and their associated area and

boundaries are denoted by A“’ and 4 and T’ and

', respectively. The adhesive is identified by the
subscript a and its associated area and boundaries are

represented by A’ and T'“), respectively. As shown
in Fig. 1, both the adherends and adhesive have a
rectangular  boundary  geometry. Hence, their
boundaries can be represented by dividing their entire
boundaries into four straight boundary segments, i.e,

3

4

rer=3ry (p=u,l,a) (D
m=1

in which T!” denotes the m"™ boundary segment

around the adherend and adhesive boundary. Along the

(p=u,l,a),

the unit normal to the m"™ boundary segment is

represented by n!”’, with components n(?)

adherend and adhesive boundaries, T,

and n%) in
the x- and y-directions, respectively. The unit normal,

n(p) (p)

., makes an angle, ¢,”’, with respect to the positive

x-axis, as shown in Fig. 1.
The exterior edges of the adherends are subjected to
both in-plane tractions and bending moments. The in-

plane external tractions include components ¢, f, and

t., and the external bending tractions include compo-
nents m, and m, . The traction components are defined

with respect to the (x, y, z) structural coordinates, and
their positive-valued directions are shown in Fig. 1. In
the adherends and adhesive, the global displacement
components in the x-, y-, and z-directions are denoted
by U, U, and U, with p =u,l,a, respectively.

The laminated adherends are made of specially

orthotropic layers. Each layer has a thickness of #{”’ and

orientation angle of 6" (p=u,!), which is defined
with respect to the positive x-axis, as shown in Fig. 1.
Also, the orthotropic material properties of each layer
include the elastic moduli E{” and E{”, shear modu-

lus Gz? , and Poisson’s ratio vng), where L and T are

the longitudinal and transverse directions, respectively.

Effective
transverse ’
shear

stress, 14

s

Effective transverse shear strain, %
Fig. 2 Bilinear behavior of the adhesive in terms of
effective transverse shear stress and transverse
shear strain.
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The adhesive material is isotropic, homogeneous, and
elastic with a bilinear relation between the effective

transverse shear stress, reff‘ff), and effective transverse

) " as shown in Fig. 2. The effective

off
transverse shear stress and strain are defined by

@ _ [ 5@’ 4 5@’
Teﬁf O'XZ +O'yz
(@ _ |
}/ej; 7/(“) )/(a)

(@)

shear strain, y

(2a)

(2b)

in which o' and o,.’ represent the components of the

transverse shear stress and }/)(; ) and }/;Z) represent the

components of the transverse shear strain in the
adhesive. As shown in Fig. 2, the initial shear modulus
of the bilinear adhesive behavior is denoted by Gl(a) s

and it reduces to G\* after the characteristic transverse

. With
these parameters, the bilinear relationship between the

effective transverse shear stress, rj;), and effective

can be expressed as

shear strain, . It has a Poisson’s ratio of v*’

(a)
o >

7))

—7 ) xH (75 - )

transverse shear strain, y,

(a) G(“))/(;;) [1 _ H(y(;;)

+|:G(“) (a)+G(a)( (a) (3)

(a) _

where H(y,; 7\") is the Heaviside step function.

In accordance with this relationship, the transverse
shear stresses, '*) , and strains, 7'*, are related by

az az

(@), (@)
=Gy Va:

(a=x,y) Q)

(@)
Gy

shear modulus of the adhesive, defined as

in which the parameters represent the effective

(a)

(a) eff
oy = ®
Yoy
Furthermore, the transverse normal stress, aﬁf), and
strain, £, in the adhesive are related by
o@ = E@ g
=Eye. (6)
in which Ej is the effective Young’s modulus

expressed as

4

E =2G5 (1+v) (7
While the thickness of the adhesive is uniform and
denoted by 24, the adherends have variable
thicknesses, 4" (x,y), with p=u,/, due to their

tapered shape near the edges. The thicknesses of the
adherends are defined as discrete linear functions of the
in-plane coordinates. The reference planes of the
adherends and adhesive, denoted by z'”,
with p =u,/l,a , are shown in Fig. 3.

The problem posed here concerns the development
of a three-dimensional semi-analytical method to
determine the displacement and stress fields in bonded
single-lap joints while including the effects of
geometric nonlinearity and bilinear elastic adhesive
material behavior. The capability of the method is
demonstrated by considering first a quasi-isotropic
tapered adherends and a bilinear adhesive material
behavior. The second configuration concerns the effect
of the overlap length of the adherends on the general
response of both the adherends and adhesive. The lap
joints are simply supported along the left and right
edges of the upper and lower adherends, respectively.
The left edge of the upper adherend is also restrained
against any horizontal movement. Furthermore, the
mid points of the left and right edges of the lower and
upper adherends are restrained to move in the y-
direction so that the rigid-body movement of the lap
joint is completely suppressed.

Solution Method

The present three-dimensional geometrically
nonlinear analysis method is based on the principle of
virtual work. The displacement components are
approximated in terms of the B-spline functions" in a
double series representation as

M(p) M(/)

Z Z ij(’,),m)

m=0 n=0

(p)

L (st KT (t).K) ()

in which ¢’ with p=u,/ and a=x,y,z, are the

a(mn) >

unknown coefficients. The parameter M}’ , with

P =x,y and p=u,l, specifies the extent of the series
and the knot vector t(pp ) contains pre-selected knot
points (coordinates) in the direction of . These knot

points are used to increase the accuracy of the B-splines
at certain locations. Also, the parameter K controls the
degree of the B-spline functions and, consequently, the
continuity of the field variable. The K" -order B-spline
(K -1)"-order of

function is comprised of the

polynomials.
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Fig. 3 The reference surface and kinematics of the bonded single-lap joint.

The details of the B-spline functions along with the
definitions of the parameters t‘ﬁp) and K are given in

the Appendix .These displacement functions can be
expressed in matrix form as

”ip) -y cip)
(») — v o)
uy =V cy (9 a, b> C)
“ip) —yor c(zp)
in which the vectors c(ap ), with @ =x, y,z, contain the
unknown coefficients (generalized coordinates) c'”) .
The known vectors, V'” | are expressed in terms of the
B-spline functions 7, (x;t\”,K) and T, (y;t'”,K). In
matrix  form, the approximate displacement
representations of Egs. (9a-c) are rewritten as
uip) - Vip)Tq(p)
(P — v q»
U =vr'g (10)

@ _ v
u” =V q

in which the known vectors, V"), with & = x, y,z, are

defined as
v ={v® 0,0} (11a)
vt ={o,v,0} (11b)
v ={0,0,v"} (11¢)
The unknown vector q'” is defined as
@' _ " W) () 12
q A RN (12)

Note that the series representation of the displacement
components is not required to satisfy any type of
kinematic admissibility.

Displacement Components

The adherends interacting through the adhesive,
which sustains transverse normal and shear
deformations but not in-plane deformation, are
subjected to in-plane and bending deformations but not
transverse normal and shear deformations. The
transverse normal and shear strain components in the
adherends are disregarded because they are thin.
Therefore, the in-plane strain components in the
adhesive, and the transverse normal and shear strain
components in the adherends, are not included in the
derivation of the kinematic relations.

In accordance with the Kirchhoff plate theory, the

global displacement components, U\”, U{"”, and U"

in each of the adherends are defined as

Uff)(x,y,z)=uff)(x,y)—§“’)h(p)u§f2 (13a)
U (x,3,2)=ul” (x,) (13b)

for which p=u,/ and o =x,y, and the displacement
(p)

z

components, U”’, U'”’, and u”, are defined on the
reference surfaces with respect to the global Cartesian
coordinates (x'”’, ', z'”"), as shown in Fig. 3. In Eq.

(14), the subscript after a comma
differentiation with respect to the variable.

indicates
The

coordinate ¢” located on each of the reference planes

is defined as
7 Z(p)

(p) _
&= )

(p=u,t) (14)
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and varies in the range —1<¢% <1, with p=u,/.
The thicknesses of the adherends are specified by
24" (x,y) , in which 4 (x,y)=h{"" in the untapered

sections of the adherends. Also, the location of the ref-
erence planes with respect to the global coordinate sys-

tem (x,y,z) are defined by z'”’, with p =u,/ , which

are located at the mid-surfaces (with respect to the unta-
pered thickness) of the adherends, as shown in Fig. 3.

Strain-Displacement Relations

The strain measure for the adherends is based on the
modified form of Green’s nonlinear strain displacement
relations in conjunction with von Karman assumptions
for large deformation of plates'’. Therefore, the strain

components in the adherends, e} (p=u,l; a,f =

X,y ), can be expressed as

eg>:gg>—ngfmxx>+%(@g)z (15a)
1 2
(P) _ ~(p) (P) 1,(P) (P) (p)
P =gl -0 gy+5@w) (15b)
(p) 1 » 4 Lo oo
—Vy +=¢ U+ —u (15¢)
2 2 2
in which
(p) _ (p) S (N 0]
gxx x X ’ xf) pxx (163, b)
» _,,(p) . » —__,,»
g, =u,, 5 k) =-ul, (16c, d)
7)(:) _ u(P) +u(l7) : K.i;i) —Du (qpv)v (166, f)

where g(P) (p) »)

xxo 2

,and y,f

resultants and Kk

represent the in-plane strain

(»)

( 4 )
Ky >

and «,” represent the

bending strain (curvature) resultants on the reference
surfaces. Also, the in-plane and bending (curvature)
strain resultants constitute the components of the linear

part of the in-plane strain, &!”’, and curvature, x\”’,

vectors in the form

@ _ [ ) () () 1, (P ) (»)
g/ —{54 7,7/0,} { u +u, } (17a)

xx ’ xx’ y,}’ X,y

T
K(Lp) — {Kif)sk(p) K.(p)} — {_u(p) —u?

»
w2 Ty z,xx° z,)y 2”21;1} (17b)
Similarly, the nonlinear terms appearing in the strain

components, ef,Z) (a,f=x,y), are included in the

nonlinear part of the in-plane strain resultant vector,
€', in the form

S ) () R S

Although the bending deformations (curvatures) are

only linearly related to the out-of-plane displacement

(" for consistency, a zero-valued vector

component, u;
is employed to represent the nonlinear part of the

curvature vector, k', as

k' ={0,0,0} (19)

Substituting for the derivatives of the displacement
components from Eq. (10), the linear and nonlinear
parts of the in-plane strain resultant and curvature
vectors can be expressed as

p) — L(p)q(p) , K(p) — L(p)q(p) (203, b)
L(p)(q(p)) q (I’) =0 (ZOC, d)
where
v
L= v (21a)
vy’
X,y V.x
v
L) =—| Vo (21b)
2V’(p)’T
u® "
1 T
Lo(a”)=2  uyvey (21e)

WV VLY
The vectors of strain resultants defined in Eq. (20) can
be combined in a compact form as

P=LPq”  (a=LN) 22)
where
L”
e(ﬂp) :{85);") aKff) }, L(Lp) - L(‘Z) (23a,b)
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(23¢)

L(gp) (q(p))
L(];\;) (q(p)) :|: N o

Furthermore, the linear and nonlinear parts of the strain
vectors, e!”’ and e\, can be added to form the total

strain vector as

() _ olp) (p) _ (p) (D) (o(P) »)
e’ =e +ey —[LL +Ly (q )Jq

—H» (q(P) )q(p) @4

where

H» (uil’) ) _ L([) + L(},\'If) (q(p)) (25)

For the adhesive bonding of the two adherends, the
displacement components are assumed to vary linearly
through the thickness'. Although the adhesive
undergoes the same magnitudes of the in-plane and
transverse displacements as those of the adherends, the
strain measure is based on a linear shear-lag model,
where the transverse shear strain and the normal strain
components in the adhesive are expressed as

@__1
az 2h(a)

+%[(1+;(u))yz(g(x,y,o) a=xy (26a)
+(1-¢“)ul) (x,y,O)J

a 1 u £
gl = W[“( k (x,y) ~u!” (x,y)]

[Ué“) (x,y,O) -u (x, y,O)]

(26b)

Finally, substituting from Eq. (10) for the displacement
components in Eq. (26) leads to the strain vector
containing the transverse shear and normal strain
components in the adhesive as

s(av) — L(:)q(”) _L(;)q(é) (27)
where
g = {0,060} (28)

and the matrices L are defined as

L =12 1)
¢ 4 4
L =L 1)

(29a)
(29b)

in which

'V)gp)T
L(a’?=2hl(a) VO (p=tu) (30a)
0T
Ve
(5’2=—2hl(a) KOV (p=tu)  (30b)
Ve

Stress-Strain Relations

The external uniaxial in-plane loads acting along the
boundary of the adherends, as shown in Fig. 1, result in
not only in-plane stresses but also in bending moments
in the adherends due to the couple formed by the
eccentric location of the applied in-plane forces. The
resulting transverse normal (peeling) stresses created in
the adhesive are also due to this couple, which causes
the bending deformations in the adherends.

The in-plane stress resultants and bending moments
generated by the applied external loading in the
adherends are related to the in-plane strain resultants
and curvatures, which are defined on the mid-surfaces
of the upper and lower adherends through the
constitutive relation as

N(ﬂ) A(p)(x’y) B(p)(x’y) 8(/7)
o [T | r» » » G
M B (x,y) DV (x,y)](x
where

Np _
A (x,9) = h? (x,y);(:,ﬁff -&" O

1
B;.” (x,y) _ E(h(p) (x,y))2

P

2 2\ —
(¢ -¢7 ) o, 62

=

3

1
Dy(_m (x’y) _ E(h(p) (x’y))

with

( » _ (p)z) )
K+l k (k)
1

=
I

0 _ %k (x,y)—zm
k 2 (x,7)

(k:L...,Ne;Z(/")—h(” <z, SZ(/)+h(”)) (33a)
) _ Zy (x,y)—z(")
k h(”)(x,y)

(k=1,...,N,; ZW ™ < z, < z® +h(")) (33b)
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In Eq. (31), the matricesA””’, D’ and B, with
p=u,l, are associated with in-plane, bending, and
coupled in-plane and bending behaviors of the
adherends, and Q\7), (p=u,() are the coefficients of

the reduced stiffness matrix of the k™ ply defined in
the global (x-y) coordinate system. Note that the tapered
adherend thickness, 4"’ (p =u, (), varies as a function
of the (x-y) coordinates. Hence, the material property
matrices associated with the adherends, A®”’, D” | and

B'”, are dependent on the in-plane coordinates.
Furthermore, the ratio of the ply thickness to the
adherend thickness is assumed to be constant, i.e.,

tP(x,y)/ B (x,y) =1" = constant . In this case, the
material property matrices, A, DY, and B",
become dependent only on the adherend thickness,
P (x,y), with p=u,l .

The relation given in Eq. (31) can be compacted in
the form

S(P) = E(P) e(P) (p — u’g) (34)

in which s, E®  and e'” are defined as

S(P)T — {N(P)T ’M(P)T } (35a)
AP B®
(r) —
B {B(p) D(p)} (35b)
P’ = {8<p>T,K(p>T} (35¢)

With the representation of e”’ in Eq. (24), the stress-
strain relations given in Eq. (35) can be rewritten as

s ZE(p)H(p)(q(p))q(p) (p — u,ﬂ) (36)
Because the adhesive does not sustain in-plane
deformation, the in-plane stress components, o&'*

xx 2

o', and o\, are disregarded. The transverse shear
stresses, ol and ol”, and the transverse normal
stress, 0", are related to the corresponding strain

components through a bilinear relation as

s = E@g@ (37)
where

T
S = (ol 00,01

(38a)

@' — {7i:)77;:)’g§:)} (38b)
G:;) (q(”,q”’)) 0
E©®@ (q(”,q(”)) _ 0 Gf;) (q(”,q“’))
0 0
(38¢)
0
0
Eif;) (q“),q(”))

in which the expressions for G’ (q,q""") = G ()

and Ej'(q".,q")=Ey (y;) are defined in Egs. (5)

and (7), respectively.

Substituting for the expression for &’ from Eq. (27)
permits the stress-strain relations given in Eqs. (38) to
be expressed in terms of the unknowns of the adherends
as

§@ — E@ (q(“)’q(” )(L‘“)q‘”) _Lu)q(f:)) (39)

Boundary Conditions

th

Along the m"™ segment of the boundary of the
adherends, denoted by T'”’, with p =u,¢, as shown in
Fig. 1, the prescribed displacement components normal
and tangent to the boundary, "a'”’, "4 and 4",

(m) ~(p)

and the slope normal to the boundary, """, can be

imposed as

u,(lp) — (M)ﬁip)
(p) — (m)(p)

o =u )

on I (p=u,l;m=1,2,3,4) (40)

ugp) — (m)ﬁip)
(p) — (m)7(p)
ul) ="ut
Utilizing the vector representations of the displace-

ment components given by Eq. (10), these prescribed
displacements can be expressed in vector form as

VP P =0 (p=u,l;m=1,2,3,4)  (41)

where the matrix V\”’ and the vector 4" are defined
as
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B T
cosg, V"
. T 0
+sin ¢me,” )
. T
—sin ¢mV;” )
T (8 0
V’(np) — +COS¢mVy (42)
T
0 v
"
0 COos ¢sz,x
: »"
i +sing, V" |

A T A A A A
Q" = {“”)u,ﬂp) M) M) (m)ug’z;)} (43)

The boundary conditions in Eq. (41) are enforced as

constraint  conditions by introducing Lagrange
multiplier functions, Afl’:n)(t), with a=n,t,z, and

AP (¢), defined along the m" boundary segment.

These boundary conditions are written in integral form
as

I A(,f;)(t) {V,E,”)Tq(p) _ ﬁg’f))} di=0
ry

(p=u,l;m=12,3,4) (44)

where the matrix A'”’ contains the Lagrange multiplier
functions in the form
A ()
AR (@)
AP (1)

zm

AP 0=

ALP(2)
(p=u,l;m=12,3,4) (45)

The (unknown) Lagrange multiplier functions , A (¢),

am

with a=nt,z, and AP (), are assumed in

polynomial forms as

(AL EEN ALY 1))

J
- z(ﬂlj(fﬂzm) B /1/'821) )Tj (55 t}_ﬁ) , K)

J=0

(p=u,l;m=1,2,3,4) (46)

where T,(&t”,K) represents the ;" term of the

(K —1)" -degree B-spline functions defined along the
straight boundary segment T'"”, with t{”’ being the
associated knot vector. Also, A with a=n,t,z,
and A/

J(zm)

associated with each B-spline function, 7,(&;t{”,K) .

j(am) >

are the unknown Lagrange multipliers

Substituting the expressions for the Lagrange
multiplier functions from Eq. (46) into Eq. (45) and
rearranging the terms, the constraint equations
representing the prescribed displacements can be
rewritten as

AP (CPg” —£2)=0 (7)

where

APt =AD", A, e A (48)

with

»" [ (p) (p) (p)
ﬂkrlnj _{/Ik(an)’ lk{tm)’ A’k{)zm)’ /lk(fm)} (49)

' =[apt et )] (50)
with

Ci = [ T&H oV, ar s

r(mp)
and
T T T T

f,(,,ﬁ) :{fl((ljn)c), fz(f’nzc), - fﬁl(;)w)} (52)
with

f%”::) = _[ Tj(ﬁ;t(r’;),K)ﬁfnp)TdF (53)

iy
for (p=u,l;m=1,2,3,4).
The constraint equations in Eq. (48) can be assembled

to form a single matrix equation combining all of the
constraint equations as

20 (crq _fc(/’)) =0 (p=u,l) (54)
where

AP {ﬂl(p)T , lép)T , ,Q,L(P)T} (55a)

c' = [Cgp)T C(zp)T C(LP)T} (55b)
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T T T T
(FQHE LN (VLN 412 (55¢)

The system of constraint equations in Eq. (54) is
unique, provided the rank of the matrix C'”’ is equal to
the total number of constraint equations. Also, Eq. (54)
can be treated as the potential energy of the reaction

forces producing zero energy since C”’q"”’ =0, and it

can be referred to as the potential energy of the con-
straint forces, V, , in the form

V.= z 207 (C(mq(p) _fc(p)): 0

p=u,l

(56)

Governing Equations
The governing equations are derived based on the
principle of virtual work

SW, =W, (57)
where oW, and oW, represent the virtual work due to
internal and external forces, respectively, of the bonded
single-lap joint.

The internal virtual work, oW, , is the sum of the
internal virtual work of the adherends and the adhesive,
ie.,

W, = W' +sw " + s (58)

where the internal virtual work in the adherends and
adhesive are expressed as

SW» = J‘é‘e(p)Ts(mdA: Ié‘e(p)TE(p)e(p)dA (59)
1, 1,

SW = [ 58 sda = [ 58 B dA (60)
A, A,

A

, of the adherends

where denotes the areas

(p=u,l)and adhesive (p =a ).
Substituting from Egs. (24) and (27) and with the
property of S[L'?(q"”)]q"” =L (q"”)5q" , the total

virtual strain vectors, 5& and de'”, are obtained as

Se@ = 5q(u>T L™ _5q(f>LmT (61)
and
Se” =L 2012 (q”) | 5q”
|: L v (q ):I q (62a)

= "H®» (q(/7))§q(p)

10

where

*H(p) (q(p)) — L(f) + 2L(A1;)(q(p)) (62b)
with p =u,¢ . The external virtual work is expressed as
the sum of the virtual work due to externally applied
forces, oW.'”, and that arising from the boundary

reaction forces, W ", i.e.,

é‘VVe _ Z 5[/[/6(/7) +5VI/C(")

p=u,l

(63)

The virtual work due to externally applied forces,
SW'?, can be expressed in matrix notation as

5W(p) _ 5q(p)Tp(p) (64)
in which
p?7 = {pi."”,pff”} (65)
with
W = [{Vr + VP ) ar (66a)
r,
Y = [ (V"o +Vm +Vm jdl  (66b)

2
The virtual work due to the boundary reaction forces,
SW ™, is identical to the first variation of the potential

energy expression in Eq. (56) as
WP =6V,
—_SAW" (C(p)q(p) _fcfp))
—s5qP P A

(67)

The virtual work due to the boundary reactions
(constraint conditions) can be interpreted as the virtual

work of the constraint forces, A", over the virtual
displacements, 5(C”'q”), of the adherends and the

the constrained displacements
(boundary conditions), C”'q‘”’ —f" over the virtual

virtual work of

constraint forces, A7 . Although the term inside the

parentheses in Eq. (67) is identical to zero, it is included
in the virtual work expression in order to obtain a
complete set of equations that contains both equilibrium
equations and constraint conditions (kinematic
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boundary conditions) along the boundary of the
adherends.
Substituting from Egs. (59), (60), (64) and (67)

while invoking the strain vectors, e” (p=u,/) and

£ | from Egs. (24) and (27) , and their virtual forms,
5e” (p=u,l) and 6¢“, from Eqgs. (61) and (62),

and rearranging the terms, the virtual work expression
of Eq. (§7) can be rewritten as

5q(” (K“)(q“’)+K§‘1’>(q“”,q(“)))q(”
+5q(u)' (Km(q(u))+K(2[2,>(q(i)’q(u>))q(u)

_ §q(ll) K(;)(qli)yqlw))q(ﬂ

—5q“)TK(“’(q(” q")q" (68)
12 >
_ Z 5q<p>*p(p) —5/1””TC“’)q(”)
p=u,l
_5q(p>TC(pf/1(p> +5l<p>7ftp)
where
K?”(q")= J' H' (q)EPH? (q'”)dA
AI’
(p=u,l) (692)
foaﬂ)(q(u)’q(f)) — J' L(:) E(a)(q(u)’q(f))L(f)dA
4,
(a,f=12) (69b)

For arbitrary variations of the virtual solution vectors
5q"” and A" (p=u,l), Eq. (68) can further be
rearranged and put into a more compact form

K“(q(“),q(”) Klz(q(m’qm) cOT 0
Ksz(q(“),q(”) K;(q(“),q(”) 0 cwT
c” 0 0 0
0 c® 0 0 (70)
qw) pm
. q(”) ~ pw)
A0 - fcm
}\‘(u) f(fu)
where
K, (q(m’qw) —K® (q‘”)+Kf‘l” (qw)’qm) (71a)

11

K., (a4 )=K" (q")+K (q*,q") (71b)
K, (a".q") =K (¢".q") (71c)
K, (4.9") =K (4".q")
T (g q® (71d)
=K, (q q )
Note that the submatrices K_(q“,q"’) and
K (q",q")) are dependent on the unknown

variables, q“’,q"” rendering the governing equations

nonlinear, and that these submatrices are non-
symmetric. The solution to this equation requires a
nonlinear iterative solution technique that utilizes
LU decomposition. Therefore, the Newton-Raphson
iteration method in conjunction with Broyden’s
automatic Jacobian matrix update procedure is
employed. The iterative solution procedure begins with
the initial guess of the incremental unknown variables.
The initial guess is obtained from the linearized
equilibrium equations, and the converged solution is
achieved through incremental corrections to the initial
guess.

Numerical Results

The present approach is first validated against the
nonlinear finite element solution of isotropic single-lap
joints with linear and bilinear adhesive behaviors. As
described in Fig. 1, the adherends have identical planar
geometries, with the width and length dimensions
specified as W =W =W =20 mm and L") = [\" =
L =60 mm, respectively. The overlap length of the
joint is given as L'“ =20 mm. The thicknesses of the
adherends and the adhesive are specified as
O =p" = h=15mm  and A =0.2 mm,
respectively. These dimensions are the same as those
considered previously by Edlund and Klarbring °.

The adherends are made of aluminum with Young’s
modulus and Poisson’s ratio specified as E™ = E) =
E =70000 MPa and v’ =v” =v =0.3, respectively.
Also, the adhesive exhibits either a linear or a bilinear
elastic material behavior. In the case of linearly elastic
material behavior, the shear modulus and Poisson’s
ratio of the adhesive are specified as G’ = 3,000 MPa

and v =0.3, respectively. In the case of bilinear
material behavior, the material parameters of the
adhesive are defined as G'“ =3,000 MPa, G.” =
1,500 MPa , and v'“ =0.3. The  single-lap  joint
simply supported along the loaded ends is subjected to
uniform tension of N, = 150 N/mm in 10 equal load

increments.
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The present analysis results are compared against
predictions obtained from a two-dimensional nonlinear
finite element analysis (FEA) using ANSYS, a
commercially  available program. The scaled
deformation of the bonded single-lap joint with linearly
elastic adhesive behavior at the final load step is shown
in Fig. 4.

z

Undeformed

Deformed

Fig. 4 The scaled deformation of the bonded lap
joint made of isotropic adherends with linear adhe-
sive behavior at the last load step (N/N, =1).

As observed, the bonded single-lap joint bends
asymmetrically as it is stretched from the right edge of
the lower adherend. The asymmetric deformation
occurs primarily due to the presence of eccentric
loading, boundary conditions, and the geometrical
coupling between the adherends.

The transverse normal (peeling), o

zz 9

shear stresses, o, and o _, in the adhesive for the case

and transverse

of linearly elastic adhesive material behavior corre-
sponding to the final load step is illustrated in Fig. 5.
The steep variations of the peeling , o_, and shearing

2z

stresses, o, and o, near the edges and corners of the

adhesive are captured successfully by the present
approach. Note that both peeling stress o and

shearing stress o_ are symmetric along the horizontal

and vertical centerlines of the adhesive whereas the
shearing stress o is asymmetrically distributed.

A comparison of the peeling stress o, and shearing
stress o, evaluated along the horizontal centerline

(i.e., along y = 10 mm) from the present analysis with
those of the FEA is shown in Fig. 6. The comparison
indicates close agreement for both the linearly elastic
and bilinear adhesive material behaviors. The present
solution method captures the expected steep variation
of the shearing and peeling stresses along the adhesive
edges.

A comparison of the slope variation at the center of
the overlap as the load is increased for the present solu-
tion method with that of the nonlincar FEA with
ANSYS indicates close agreement, as shown in Fig. 7.

" o5/ (Ny /)

0
-0.1

0
Peeling stress, s

03
0z /(N /)

0.1

25

0
Shearing stress, s

o G/(Ny/h)
-0.05

-0.1

25

0
Shearing stress, s .

Fig. 5 Variation of the stress components in the
adhesive: peeling stress, s _; shearing stress, s

X3
shearing stress, s .

The small difference can be attributed to the modeling
differences and the fact that FEA includes transverse
shearing deformations in the adherends, as well as in
the adhesive, whereas the present approach is based on
the Kirchhoff plate theory, which excludes the
transverse shear deformations in the adherends.
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0.4

Present analysis

(Linear adhesive)

| - — — - FEA
0.3{|
Normalized
peeling and
shearing 02 —0,./(Ny/h)
stresses
0.1 .. /[(Ny/h)
0
015 50 55 60 65
Distance, x, along overlap length (=10 mm)
Linear adhesive
0.5
0.4 o 7£rEels\ent analysis (Bilinear adhesive)
0.3
Normalized
peeling and
shearing 021
stresses
0.11
0_
-0.1

Distance, x, along overlap length ( y=10 mm)

Bilinear adhesive.

Fig. 6 Comparison of the peeling stress, s _, and

shearing stress, s _, along the horizontal centerline,

between the present approach and the finite element
analysis for: linear adhesive and bilinear adhesive.

The capability of the present approach is
demonstrated by considering a bonded composite
single-lap joint of angle-ply laminates (adherends) as
shown in Fig. 1. The adherend length and width and
the overlap length, as well as the loading and boundary
conditions, are identical to those of the validation case
except for the presence of tapered adherend edges. The
lower and upper laminate edges are tapered (beveled)
toward the adhesive edges, as shown in Fig. 1, where
A" and A" indicate the taper lengths of the upper
and lower adherends, respectively.

13

I
Present _ /
0.9 analysis /
0.8
0.7
/
Normalized 0.6 /
applied
tension, N/N, 0.57
0.4
0.31
0.2
Linear Adhesive
014 - Bilinear Adhesive
% 0.005  0.b1 0015 0b2 0025 003

Slope at center (x=55, y=10 mm), ¢ (rad)

Fig. 7 Comparison of the rotation at the center of
the overlap as a function of applied load between the
present approach and the finite element analysis.

Both adherends are symmetrically laminated and
their angle-ply stacking sequence is given by [6/-6],_,
where 6 is referred to as the angle-ply laminate
parameter. Each ply made of Graphite-Epoxy has
properties of FE, =127.56 GPa, E, =1131GPa,
v,; =03, and G,, =6 GPa, with equal nominal ply
thicknesses of 7, = 0.0762 mm. Hence, the total
thickness of the untapered laminate becomes
21" =2k =2h=1.2192 mm. The thickness of the
adhesive is specified as 24'” =0.12 mm. The linearly
elastic behavior of the adhesive is defined by a shear
modulus of G =G\ =G = 0.4147 GPa, and the
bilinear adhesive material behavior is defined by the
parameters G'” =0.4147 GPa and G\ =300 GPa

with a characteristic shear strain of ;/i“) =0.03.

The effects of the tapered adherend geometry and the
angle-ply laminate parameter, &, on the geometrically
nonlinear behavior of the bonded lap joint are
investigated by (1) varying the taper lengths, A“’ and
A", from 0 to 5 mm in five equal increments while
specifying the value of &=45 degrees (i.e,
[+45/—-45],, laminate), and (2) by varying the angle-ply
laminate parameter, &, as 0, 5, 10, 15, 30 and 45
degrees while assuming an untapered adherend edge,
ie, A" =AY =0.

The effects of taper lengths on the transverse normal

stress, o, and the transverse shear stress, o_, both

2z

evaluated along the horizontal centerline y =10 mm,

are depicted in Figs. 8 and 9, respectively, for both
linearly elastic and bilinear adhesive material
behaviors. As shown in these figures, the peeling stress,
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0.35
Linear adhesive
0.3
0.254
0.2
Normalized
peeling 0.15-
stress,
o, /(Ny/h
L)
0.05+
O_
403 45 50 55 60 65
Distance, x, along overlap length ( =10 mm)
Linearly elastic adhesive
0.35
Bilinear adhesive
0.34
0.25
0.2
Normalized
peeling
stress, 0.151
G, /(Ny/h)
0.1
0.05
0_

45 50 55 60 65
Distance, x, along overlap length (=10 mm)

Bilinear elastic adhesive

Fig. 8 Variation of the peeling stress, s _, along the
horizontal centerline for varying adherend taper
lengths: linearly elastic and bilinear adhesive
behavior.

(e}

2z

shearing

reduces with increasing taper length, and the

stress, o, reduces slightly along the

Xz

horizontal centerline of the adhesive. The transverse

shear stress, o _, evaluated along the vertical centerline

of x=45 mm is depicted in Fig. 10, also for both
linearly elastic and bilinear adhesive material
behaviors. The shear stress component near the corners
of the adhesive edges decreases significantly with
increasing taper length. Although not shown here, the

transverse  shearing stress, o also  reduces

significantly at the corners of the adhesive edges as a
result of increasing taper length. As observed in Figs. 8-

14

10, the bilinear adhesive material behavior yields stress
variations identical to those of the linear adhesive
behavior, but with relatively lower transverse normal
and shear stress variations than those of the linearly
elastic adhesive material.

0.3
Linear adhesive
0.25-
0.2
Normalized
shearing
stress, 0-157
-0,,/(Ny/h)
0.1
0.05 i
0 . : ; j
45 50 55 60 65
Distance, x, along overlap length (=10 mm)
Linearly elastic adhesive
0.3
,——A=1 mm Bilinear adhesive
0.25-
0.2
Normalized
shearing
stress, 0.151
-0,,/(N,/h)
0.1
0.05+ i

T T

45 50 55 60
Distance, x, along overlap length ( =10 mm)

65

Bilinear elastic adhesive

Fig. 9 Variation of the shearing stress, s _, along
the horizontal centerline for varying adherend taper
lengths: linearly elastic and bilinear adhesive
behavior.

Variations of the peeling stress, o_, and transverse

zz?

shear stresses, o_ and o _, at the final load step,

N,/N;* =1.0, in the adhesive with linearly elastic

adhesive material in the absence of tapered adherend
edges are illustrated in Fig. 11. As expected, both the
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0.31 Linear adhesive

Normalized
shearing
stress,

0,./(Ny/h) §
-0.14
-0.2
-0.34
0 5 10 15 20
Distance, y, along overlap depth (x=45 mm )
Linearly elastic adhesive
0.3
A=0 mm Bilinear adhesive
1 mm
0.2
2 mm
3 mm
0.1 4 mm
5 mm
Normalized
shearing
stress, 01
o, /(Ny/h)
-0.1
-0.2
0 5 10 15 20

Distance, y, along overlap depth (x=45 mm )
Bilinear elastic adhesive

Fig. 10 Variation of the shearing stress, s _, along

the vertical centerline for varying adherend taper
lengths: linearly elastic and bilinear adhesive
behavior.

transverse shear and peeling stresses increase rapidly
near the edges of the adhesive. As observed in Figure
11, all of the adhesive stress variations are asymmetric
with respect to the horizontal and vertical centerlines.

The adherends are symmetric angle-ply laminates
with no material coupling between stretching and bend-
ing that may cause twisting in the adherends and result
in asymmetric stress distribution in the adhesive. How-
ever, the coupling between the bending and twisting
deformations disturbs the symmetry in the adhesive
stresses.

./ (Ny/h)

45

o
Peeling stress, s

Shearing stress, s

Shearing stress, s .

Fig. 11 Variation of the stress components in the
adhesive: peeling stress, s _, shearing stress, s

R4

along the horizontal vertical centerline, and
shearing stress, s _ for untapered adherends of

[+45],,
adhesive behavior.

7
angle-ply laminates with linear elastic
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In order to understand this behavior, the adhesive
stresses are evaluated along the left edge of the adhe-
sive (i.e., x = 45) for varying angle-ply laminate
parameter, &, as shown in Fig. 12.

0.4

Normalized
peeling
stress,
o,,/(N,/h)
0 5 10 15 20
Distance, y, along overlap depth (x=45 mm )
Peeling stress
0.4
0.35-
0_3_¥//
0.251
Normalized /4—/—’/’/
shearing
stress, 0.7 = >
-0,,/(Ny/h) / o b g
0.157 0=45" 30" 15" 10° 5 0
0.1
0.05-
o3 5 10 15 20

Distance, y, along overlap depth (x=45 mm )

Shearing stress

Fig. 12 Variation of the stress components in the
adhesive: peeling stress, s _ and shearing stress,

2

s .. along the left edge of the adhesive for varying

values of angle-ply parameter,q .

These results are obtained for untapered adherends and
linearly elastic adhesive behavior. As shown in Fig.
12a, the peeling stress, o_, is symmetric along the

adhesive edge for € = 0. As @ is gradually increased
from 0 to 15 degrees, the peeling stress near the upper
corner of the left adhesive edge (i.e., x =45 and y = 20)
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becomes higher than that near the lower corner (i.e., x =
45 and y = 0). As @ is further increased, the difference
in the peeling stress near the corners of the adhesive
edge becomes more pronounced, as shown in Fig. 12a.
A similar behavior is also observed in the transverse
shearing stress, o_, where the magnitude of stress at

one corner is different than that at the other corner, as
shown in Fig. 12b. Both the peeling and shearing
stresses increase with increasing @ . This is primarily
due to the reduction of adherend in-plane and bending
stiffnesses in the longitudinal direction. The lower the
in-plane and bending stiffnesses of the adherends the
higher the edge effects.

Conclusions

A semi-analytical solution procedure was presented
for the geometrically nonlinear three-dimensional
analysis of a single-lap joint made of composite tapered
adherends bonded by a linearly elastic or bilinear
adhesive. The nonlinear equations of equilibrium were
derived based on the principle of virtual displacements
in conjunction with the von Karman nonlinear plate
theory for the adherends and the shear-lag theory for
the adhesive. The bilinear adhesive material behavior
was incorporated by computing the material parameters
from an effective shear stress-shear strain relationship.
The displacement fields were assumed in the form of a
double series containing fifth-order B-spline functions
(displacement modes) in each direction. The resulting
nonlinear equations of equilibrium were then solved
numerically by employing the Newton-Raphson
incremental iterative procedure along with Broyden’s
automatic Jacobian matrix update.

A comparison against a two-dimensional nonlinear
FEA solution established the capability of the present
approach to accurately capture the steep variations of
both peeling and shearing stresses in the vicinity of the
adhesive edges, as well as at the corners. Furthermore,
the variation of overlap rotations indicates that the
stress-induced effects due to geometric nonlinearity
were captured by preserving the nonlinear terms in the
strain displacement relations.

In the case of a bonded single-lap joint of angle-ply
laminates, the tapered edges led to a considerable re-
duction of the peeling stresses and a slight reduction of
the shearing stress component in the longitudinal
direction (o ). However, the increase in taper length

reduced all the adhesive stress components at the
corners of the adhesive region. Furthermore, the
increase in the angle-ply laminate parameter not only
increased the stress concentration near the adhesive
edges but also changed the symmetric distribution of
peeling and longitudinal (transverse) shearing stresses
to asymmetric due to the presence of material coupling
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between bending and twisting deformations of the
angle-ply laminates.

This special-purpose three-dimensional analysis
method accurately predicts the geometrically nonlinear
behavior of a bonded single-lap, tapered, composite
joint subjected to uniaxial tension while accounting for
the presence of tapering of the adherend thickness,
changes in the overlap length of the adherends, and the
linear and bilinear elastic behaviors of the adhesive.

Appendix
The B-spline functions, 7, (a;t7”,K), with a =x,y
and p=/»u, employed in Eq. (8) are defined
recursively in the form"’

i
T, (a;t‘a”),K):(I)(:z—ta_f”()mT, (et K -1)
(ta(HK—l) ta(z)) )
(19 —at) 72
= T (ast” K -1
e ) = )

The variable #?)

with i=12,....,M” and k>1. o

represents the components of the knot vector, t\”’, for

the (K —1)"-degree B-spline functions. The knot
t(ﬁ)

a

vector, is defined in terms of the Cartesian

coordinate (« = x,y) of the selected points as

(P) — g4(P)  4(p) () ()
t, = {ta(O)’ta(l)"'"ta(N};”)’ a(N +1)°
(r) ()
SAOTIPRN A 73)
— ( ) ) )
={a”,a”,....al"” ,a”,a”, ...,
() () () (p)
aNLPJ’aNLPHl’aN‘aP’H""’aNijl}

where N +1 (a=x,y; p=u,l) denotes the number
of distinct knot points selected along the « direction in
the lower and upper adherends. Based on the definition
of the knot vector , t\”, the end points (i.e., @ and

a

a'” ) are repeated K times. In Egs. (72) and (73), the

NP

relationship between the number of knot points and the
extent of the B-spline functions, M é‘” ) , is given as

NP =MP -K+3 (74)

In this study, the B-spline functions with K =5 are
chosen to have 20 and 7 knot points in the x- and y-
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directions, respectively. The knot vectors are defined
as

t") = {45,45,45,45,45,46,47,49,52,55,58,
61,63,64,64.5,65,66,69,74,80,87.5,
95,101,106,10,110,110,110,110}

t" ={0,0,0,0,0,4,9,15,22.5,30,36,41,44,
45,46,47,49,52,55,58,61,63,64,64.5,
65,65,65,65,65}

t) =t ={0,0,0,0,0,3.33,6.66,10,13.33,
16.66,20,20,20,20,20}

This results in a B-spline series representation of the
displacement components (i.e., u”, u!”’, and u"”

(75)

with p =1/,u ) with the series terminating at M ‘" =23
and M}(,” ) =9,
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